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ON THE RESONANCES AND EIGENVALUES FOR A ID 
HALF-CRYSTAL WITH LOCALISED IMPURITY 

EVGENY L. KOROTYAEV AND KARL MICHAEL SCHMIDT 

Abstract. We consider the Schrodinger operator H on the half-line with a periodic potential 
p plus a compactly supported potential q. For generic p, its essential spectrum has an infinite 
sequence of open gaps. We determine the asymptotics of the resonance counting function 
and show that, for sufficiently high energy, each non-degenerate gap contains exactly one 
eigenvalue or antibound state, giving asymptotics for their positions. Conversely, for any 
potential q and for any sequences (a n )f,a n £ {0, 1}, and {x n )T & £ 2 ,x n ^ 0, there exists a 
potential p such that x n is the length of the n-th gap, neN, and H has exactly a n eigenvalues 
and 1 — <r n antibound state in each high-energy gap. Moreover, we show that between any 
C*~) ■ two eigenvalues in a gap, there is an odd number of antibound states, and hence deduce an 

asymptotic lower bound on the number of antibound states in an adiabatic limit. 

GO 
ri '. 1. Introduction and main results 

Consider the Schrodinger operator H acting in the Hilbert space L 2 (M + ) and given by 

H = H + q, H f = -f"+pf 

with the boundary condition /(0) = 0. Here p is 1-periodic and q is compactly supported and 
J^t ■ they satisfy 

P eLl eal (R/Z), qeQ t , (1.1) 

fN) ■ where Q t = {q E Ll eal (M. + ) | sup(supp(g)) = t} and we keep t > fixed throughout. For later 

(-^! . use, we set n t = inf ne N >n j, t n. The spectrum of H consists of an absolutely continuous part 

<j ac (H ) = |J & n plus at most one eigenvalue in each non-empty gap j n , n 6 N, [E2], |Zh3j ). 

neN 

where the bands & n and gaps 7 n are given by (see Fig. 1) 

a; 0„=[^tL 1 ,^T], 7 n = (£„", £„ + ) (neN), 

and the E n satisfy 

E+ <Ei^E+---^ E+_, <E-^E+<... (1.2) 

It is known that there are infinitely many non-degenerate gaps, i.e. E~ < E+, unless p is 
arbitrarily often different iable [HoJ, and all gaps are non- degenerate generically |MOj . [Slj . 
Without loss of generality, we may assume Eq = 0. The sequence ( fll.2|) ) is the spectrum of 
the equation 

-y" + p(x)y = Xy (1.3) 
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Figure 1. The cut domain C \ U& n and the cuts (bands) & n = [E^_ x ,E n ],n ^ 1 



with the condition of 2-periodicity, y(x + 2) = y(x) (x G R). We also set 7 = (— oo, Eq). If a 
gap degenerates, 7„ = for some n, then the corresponding bands & n and & n+ i touch. This 
happens when E~ = E+; this number is then a double eigenvalue of the 2-periodic problem 
(II. 3p . The lowest eigenvalue Eq = is always simple and has a 1-periodic eigenfunction. 
Generally, the eigenfunctions corresponding to eigenvalues E 2n are 1-periodic, those for E 2n+1 
are 1-anti-periodic in the sense that y(x + 1) = —y(x) (i 6 K). 

Consider the operator J^y = —y" + {p + q)y on the real line, where p is periodic and and q is 
compactly supported. The spectrum of the operator Jif consists of an absolutely continuous 
part cr ac (^f) = cr ac (H ) plus a finite number of simple eigenvalues in each non-empty gap 
7„,n G N := NU{0} ( [Rb] . |Flj). and has at most two eigenvalues in every open gap 7 n with 
sufficiently large n ([RbJ). If q := J R q(x)dx ^ 0, then M' has precisely one eigenvalue ( [Zhlj . 
[F2j . [GSj ) and one antibound state |K4j in each non-empty gap 7„ with sufficiently large n. 
If q = 0, then there are, roughly speaking, either two eigenvalues and no antibound states 
or no eigenvalues and two antibound states in each non-empty gap 7„ with sufficiently large 
n ( |K4] ) . Similarly, the spectrum of H defined in (II. ip consists of an absolutely continuous 
part cr ac (H) = <r ac (H ) plus a finite number of simple eigenvalues in each non-empty gap 7„, 
n G No- This follows from the corresponding property of Jti? by the Glazman decomposition 
principle. 

Throughout the paper, we shall denote by i9(x,z), tp(x,z) the two solutions forming the 
canonical fundamental system of the unperturbed equation — y" + py = z 2 y, i.e., satisfying 
the initial conditions ip'(0,z) = $(0, z) = 1 and (p(0,z) = $'(0,z) = 0. (Here and in the 
following ' denotes the derivative w.r.t. the first variable.) The Lyapunov function (Hill 
discriminant) of the periodic equation is then defined by A(z) = ^(ip'(l,z) + #(1,2)). The 
function A !->■ A 2 (-\/A) is entire, where we take the square root to be positive on the positive 
real axis and to map the remainder of the complex plane into the upper half-plane. For the 
function (1 - A 2 (v / A))^ (A G C+), we fix the branch by the condition (1 - A 2 (VA + i0))^ > 
for A G ©1 = [Eq,E^], and introduce the two-sheeted Riemann surface A of (1 — A 2 (vA))2 
obtained by joining the upper and lower rims of two copies of the cut plane C \ a ac (H ) in the 
usual (crosswise) way, see e.g. |F3j . We denote the n-th gap on the first, physical sheet A x by 
7n and its counterpart on the second, nonphysical sheet A 2 by jn , and set 

7::=7i 1} U7i 2) - (1-4) 

It is well known (see e.g. (I2.18P ) that, for each h G C£°(R + ),h ^ 0, the function /(A) = 
((H — X)~ 1 h, h) has a meromorphic extension from the physical sheet Ai to the whole Riemann 
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surface A. Moreover, if / has a pole at some Ao G Ax for some h, then Ao is an eigenvalue 
(bound state) of H and Ao G U 7« ■ 

nGN 

Definition. Let /(A) = {{H - A)" 1 /*, h) (A G A) for some h G C °°(M + ), h ^ 0. 

1) If /(A) has a pole at some Ao G A 2 , Ao 7^ E^,n ^ 0, we call Ao a resonance. 

2) A point Ao = E^,n ^ 0, is called a virtual state if the function z 1— >■ /(Ao + z 2 ) has a pole 
at 0. 

3) A point Ao G A is called a state if it is either a bound state or a resonance or a virtual 
state. Its multiplicity is the multiplicity of the corresponding pole. We denote by & st (H) the 
set of all states. If Ao G j n , n ^ 0, then we call Ao an antibound state. 

As a telling example we consider the states of the operator H$ for the case p 7^ const, q — 0, 
see [Zh3] . [HKS] . Let / (A) = ((# - A)" 1 /^) for some h G Cg°(K + )- It is well known that 
the function fo is meromorphic on the physical sheet Ai and has a meromorphic extension 
into A (see e.g. (12.181) ). For each 7^ ^ 0, n ^ 1, there is exactly one state X° n G 7^ of if an d 
its projection onto the complex plane coincides with the n-th eigenvalue, /z 2 , of the Dirichlet 
boundary value problem 

-V"n + VVn = vlVn, 2/n(0) = VniX) =0, X G [0, 1], 71 > 1. 

Moreover, exactly one of the following three cases holds, 

1) X n G 7n is an eigenvalue, 

2) A° G 7n is an antibound state, or 

3) A° G {-E 1 ^, E~} is a virtual state. 

There are no other states of H , so H has only eigenvalues, virtual states and antibound 
states. If there are exactly N ^ 1 nondegenerate gaps in the spectrum of a ac (H ), then the 
operator H has exactly N states; the closed gaps 7 n = do not contribute any states. In 
particular, if j n — (n ^ 1), then p = ( |MOj . [K5j ) and Hq has no states. A more detailed 
description of the states of H$ is given in Lemma [2. II below. 

We shall need the following results from the inverse spectral theory for the unperturbed 
operator H Q . Defining the mapping pi-^(= (£n)i°, where the components £ n = (£i n , £2™) G M. 2 
are given by 
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if X n is an eigenvalue, 
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if X n is a resonance, 









if X n is a virtual state, 



j _ -^n +-^n 2 t 



we have the following result from |K5j . |K7] : 

T/ie mapping £ : H — > £ 2 ® £ 2 is a real analytic isomorphism between the real Hilbert spaces 
H = {p G L 2 (0, 1) I J p(x)dx = 0} and £ 2 © £ 2 , and the estimates 

lbll<4||e||(i + ||eil*), lieiKlblia + lbll)* (1.5) 

hold, where \\p\\ 2 = J Q p 2 (x)dx and ||£|| 2 = 4$^ l7n| 2 - 

Moreover, given any non-negative sequence x = (x n )J° G £ 2 , there are unique 2-periodic eigen- 
values Ei^ {n G N ), for some p G "H, such that each x n = £7+ — E~ (n G N). Consequently, 
from the gap lengths ( | Tn I ) i° one can uniquely recover the Riemann surface A as well as the 
points E~ = E+ where x n = 0. Furthermore, for any additional sequence X n G 7 n (n G N), 
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there is a unique potential p G % such that each state A° of the corresponding operator co- 
incides with A° (n e I). The results of [K5j were extended in |K6j to periodic distributions 
p = w', where w GK. 
Now let 

D(\) = det(I + q(H -\)- 1 ) (A G C+). 

The function D is analytic in C + and has a meromorphic extension to A. Each zero of D in 
Ai is an eigenvalue of H and lies somewhere in the union of the physical gaps [J 7« . So 

nGN 

far only certain particular results are known concerning the zeros on the non-physical sheet 
A2. Note that the set of zeros of D on A2 is symmetric with respect to the real line, since D 
is real on 7q . 

We now turn to the perturbed equation. Let $(x, z) be the solution of the initial- value 
problem 

-$" + (p + g)$ = ^ 2 $on [0,oo), $(0,z) = 0, $'(0,z) = l (zeC). (1.6) 

Then our first result is as follows. 

Theorem 1.1. z) Let £ := {z G C |z 2 — £^| ^ ne (n <E N)} /or some e > 0. TTien £/ie 
function D satisfies 



q(z)-q(0) 0(e*d Imz l- Im ^) 

2iz z 2 



D(z 2 ) = 1 + ^ v ' . ^ v y + — i - as \z\ ^oo,zefi E (1.7) 

where q\z) = J Q q(x)e 2lzx dx, and 

& st (H) \ & st (H ) = {A G A \ e st (H ) I D(X) = 0} C A 2 U (J 7M, (1.8) 

nSN 

6 st (#) n 6 rt (#„) = {ze G st (H ) I $(n t , 2) = 0}. (1.9) 

ii) IfX° n G e st {H) n 6 st (F ), ^en A»G 7 ^i(nGN) and 

D(A) -> D(A°) + as A -> A°. (1.10) 

raj (Logarithmic Law) Each resonance A G A 2 0/ i? satisfies 

(v 7 ! snivel ^C F e (2t+1)|ImVX| , C F = 3(||p||i + \\p + g|| t )e 2||p+( > l|t+l|p|l \ (1.11) 

and there are no resonances in the domain S>f or b = {A G A 2 \ U7^ 2 ^ | 4CVe 2 ' Im ' < |A|a}. 
ffere||/||.:=/ *|/(s)|dz («>«)■ 

Remarks. 1) Let A° G 7A be an eigenvalue of H for some n ^ 1. If $(nt, /i n ) = 0, then /x 2 is 
an eigenvalue of the Dirichlet boundary value problem —y" + (p + q)y = /x 2 y,y(0) = y{n t ) = 0. 
Then by lO|) . A° is a bound state of # and ffTTTOj) yields £>(A°) ^ 0. Thus X° n is a pole of a 
resolvent, but A° is neither a zero of D nor a pole of the S-matrix for H, Hq given by 



Sm{z) = 1J§)' Ae ^ c (#o). (1.12) 

2) If D(X) = for some A = £^^,nG N , then by (Q|) . A is a virtual state. 

3) If ^ 2 = £^ for some n G N, then by (11. 9p . /i 2 is a virtual state if and only if $(nt, /i n ) = 0. 
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the sheet A2 



Re A 



the forbidden domain @f or b 




FIGURE 2. The eigenvalues on the physical gaps 7* C Ai, anti-bound states on the non- 
physical gaps 7^ C A2, resonances on the non-physical sheet A2 and the forbidden domain 



4) If p = 0, then it is well known that each zero of D is a state ( |Klj . [32]). Moreover, 
each resonance lies below a logarithmic curve depending only on q ( [Klj . [Z]). The forbidden 
domain S'for-b H C_ is similar to the one in the case p = 0, see |Klj . 

Let #(H,r,A) be the total number, counted according to multiplicity, of states of H of 
modulus ^ r in the set A C A. 
The Fourier coefficients p S niQcn and the Fourier transform q are defined by 



go 



q(x)dx, p s 



p{x) sin 2irnxdx, q(z) 



q{x)e dx } q cn = Req(irn). (1.13) 



'0 jo jo 

Theorem 1.2. i) H has an odd number ^ 1 of states on each set 7? 7^ 0,n ^ 1, where 7^ is 
the union of the physical gap 7^ C A x and the non-physical gap 7^ C A 2; and H has exactly 
one simple state X n G 7^ for all n ^ 1 + 4Ci?e*2 with asymptotics 

(go - q C n)Ps 



/',, 



2(irn) 



+ 0(— ) as n — > 00. 



n° 



Moreover, the following asymptotics hold true as r — )■ 00: 

9+ 

#(tf,r,A 2 \U 7 f)=r- + o(r) 

7T 



r £ u 7n , 



;i.i4) 

;i.is) 
;i.i6) 



#(if, r, 7a) = #(#0, r > 7a) + 2i\T g /or some integer N q ^ 0, 

where 7a = Un>o7n U 7n 2 ' 1 ^ s ^e union of all gaps on A. 

ii) Let A be an eigenvalue of H and let \^ E A 2 be the same number but on the second sheet 

A 2 . Then \^ is not an anti-bound state. 
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Hi) Let Ai, A2 G 7n , Ai < A2, be eigenvalues of H for some n ^ and assume that there are 

no other eigenvalues on the interval Vt = (Ai,A2) C 7! . Let Q^ C jn C A 2 be the same 
interval but on the second sheet. Then there exists an odd number )1 0/ antibound states on 

Remarks. 1) Results (iii) with p = were obtained independently in |Klj . |S2j . 

2) The first term in the asymptotics (11.151) is independent of the periodic potential p. The 
asymptotics ( 11.15)) for the case p = was obtained by Zworski [Z]. 

3) The main difference between the distribution of the resonances in the cases p 7^ const and 
p = const concerns the bound states and antibound states in high energy gaps, see fll. 14j) . 

4) In the proof of (II. 15p we use a Paley- Wiener type theorem from [Ff] , the Levinson Theorem 
(see Sect. 4) and an analysis of the function D near A°. 

5) For even potentials p G Lg Ven (0, 1) = {p G L 2 (0, 1) | p{x) = p(l — x),x G (0,1)}, all 
coefficients p sn vanish and the asymptotics (11.141) are not sharp. This case is analyzed further 
in Theorem 11.41 

We now turn to the question of stability of the real states A n . As before, let X° n G 7^ be a 
state of Hq. 

Theorem 1.3. Let b n = q — q cn (n G N). Assume that \p sn \ > n~ a and \b n \ > n^^ a ^ for 
some a G (0, 1) and for all n G Mq, where Mq C N is some infinite subset such that \j n \ > 
{n G Mq). Assume b„ > (or b n < 0) for all n G Mq. 

Then each real state A n G 7^ of the perturbed operator H has, for sufficiently large n G Mq, 
the following property. 

If X° n is an eigenvalue of H , then X n is an eigenvalue of H and A° < A„, (or A° > X n ). 
If A° is an antibound state of Hq, then X n is an antibound state of H and A° > X n (or 
X n < X n ). 

Remarks. 1) Let q > 0. It is well known that the eigenvalues of Hq + rq are increasing with 
the coupling constant r > 0. Roughly speaking, in the case considered in Theorem 11.31 the 
antibound states in the gap move in the opposite direction. 

2) Numerical observations suggest the following scenario as the coupling constant of the per- 
turbation changes. Consider the operator H T = H + rq, where r G R is the coupling constant. 
For t = 0, H only has states X° n , n G N (eigenvalues, antibound states and virtual states). 
Take for instance the first gap 7i 7^ and assume that Ai = X® is an antibound state. As 
r increases, the state Ai moves, and initially there are no other states on 7^. As r increases 
further, Ai eventually emerges onto the physical gap 7} and becomes an eigenvalue; at first 

there are no additional eigenvalues, but a pair of complex resonances (A G C + C A2 and 

— (2) 

X G C_ C A2) reach the non-physical gap 7} and there turn into antibound states. With 

further increase of r, these antibound states will become virtual states and then bound states. 
Thus, as t runs through M.+ , states not only move, but are also subject to the following trans- 
mutations: resonances turn into antibound states, these via virtual states into bound states, 
these via virtual states into antibound states etc. 

We now consider the perturbations of virtual states. Note that p G Ll ven (0, 1) if and only if 
/i 2 G {E~,E+} for all n G N ([GT], jKKl]). 
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Theorem 1.4. Let p G L 1 (0, 1) and assume there are unperturbed states A° G {E~,E+} for 
all n G A/o, where A/o C N is some infinite subset such that \^ n \ > (n G A/o). Tnen i/je 
following asymptotics for states of H hold true: 

K = Hn + S n \ln\ 7^ 7^ , S n = < , 71 G A/ (1.17) 

(27m) 2 [- iffi 2 n = E+ 

as n — > oo. Moreover, if a G (s, 1), £aen /or sufficiently large n G A/o, i/ie following holds: 
if X° n = E~, go — $cn > ^~ a or A° = .E+, go — (fen < — n~ a , i/ien A n zs an eigenvalue, 
if X° n = E~ , g — g cn < — n~ a or A° = £?+, go — g cn > n~ a , t/ien A n is an antibound state. 

Remark. 1) Roughly speaking, (11.171) gives the asymptotics for even potentials p G L x (0, 1). 

2) Consider the operator —y" + (p+q+u)y, y(0) = 0, with an additional potential perturbation 
u G L 2 (R + ) which is compactly supported in (0, t) and satisfies \u n \ = o(n~ x ) as n — > oo. Then 
the operator H + u has the same number of bound states as H in each gap 7„ 7^ for n large 
enough. 

We have the following result on the inverse problem for our operator H. 

Theorem 1.5. i) Let q G Qt satisfy |go — g c „| > n~ a for sufficiently large n, with some 
a G (|, 1). Then for any sequences (c n )f, o n G {0, 1}, and {x n ) < i £ ^ 2 , x« ^ 0, there exists a 
potential p G L 2 (0, 1) snc/j t/iat the corresponding gap lengths \j n \ satisfy \j n \ = x n ,n ^ 1, and 
H has exactly a n eigenvalues and 1 — a n antibound states in each gap j n 7^ for sufficiently 
large n. 

ii) Let p G -^ 1 (0, 1) and assume there are unperturbed states A° G {E~,E+} for all n G A/"o, 
where Nq C N is some infinite subset such that \^ n \ > (n G A/o)- Tnen /or any sequence 
(c"n)i°, o"n G {0, 1}, t/tere exists a potential q G Qt sncn t/tat i7 aas exactly a n eigenvalues and 
1 — <7 n antibound states in each gap 7„ 7^ /or sufficiently large n G Ao- 

Let #bs(H,Q) (# a b s (H,Q)) be the total number, counted according to multiplicity, of bound 
(antibound) states of H on the segment tt C 7^ C Ai (fi C T^ 2 - 1 C A 2 ) for some n G N . 

The integrated density of states p can be characterized as a continuous, real- valued function 
on R with the properties 

g{[E-,E+}) = n, g{& n+1 ) = [n,n + 1], cosTrp(A) = A(v / A) (A G 6 n+ i) (1.18) 

for all n G No- The function p is strictly increasing on each spectral band & n and constant 
on the closure of each gap [E~,E+]. It is closely related to the quasimomentum defined in 
Section 2 via p(A) = - Re/c(\/A + zO) (A G R). Theorem 11.21 yields the following corollary. 

Theorem 1.6. Let H T = H + q T where q T = g(-),r > 1. Lei fi = [E X ,E 2 } C 7W 7^ be 
some interval on the physical sheet Ai /or some n ^ and /e£ fi( 2 ) C T^ 2 -* 6e the corresponding 
interval on the non-physical sheet A 2 . Then 

— r / I 0(^2 — g(^)) — p(-E'i — q( x )) )dx + o(r) as r — >• 00. (1.19) 
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Remark. 1) The proof of (J1.19P will be based on Sobolev's idea [Soj for obtaining asymptotics 
of #b s (H T ,£l). He considered the case H T = H + rV, where V(x) = c+ °„ - as x — > oo, for 
some c^0,a>0. This result is not directly applicable to our case of a compactly supported 
perturbation. We therefore follow the reinterpretation of the coupling constant as a scaling 
parameter, as previously used in the study of perturbations of the periodic Dirac operator 
~5c], which allows compactly supported perturbations. 



2) Symmetry of bound states and antibound states for p = in the semiclassical limit was 
studied in [BZ], |DG] . 

A large number of papers are devoted to resonances for the Schrodinger operator with p = 0, 
see [Fr], [H], |Klj . |K2j . [52] . [Z] and references therein. Although resonances have been studied 
in many settings, there are relatively few cases in which the asymptotics of the resonance 
counting function are known, mainly in the one-dimensional setting ([Fr]) [Kl] , |K2j . |S2j . 
and [Z]). Zworski [Z] obtained the first results about the distribution of resonances for the 
Schrodinger operator with compactly supported potentials on the real line. One of the present 
authors obtained the characterization, including uniqueness and recovery, of the .S-matrix for 
the Schrodinger operator with a compactly supported potential on the real line |K2] and on 
the half-line |Klj . see also [Zlj . |BKWj concerning the uniqueness. 

The following stability results for the Schrodinger operator on the half line can be found in 
|K3j ; here the real Hilbert spaces l\ are given by 



= {/ = (/»)? I /n e », ||/L 2 = J>7rn) 2 7 2 < oo) (e > 0), 



(i) If x = (x)5° is a sequence of poles (eigenvalues and resonances) of the S-matrix for some 
real compactly supported potential q and x — x G £ 2 for some e > 1, then x is a sequence of 
poles of the S-matrix for some uniquely determined real- valued compactly supported potential 

(ii) The measure associated with the poles of the S-matrix is the Carleson measure, and the 
sum 5^(1 + |x n |)~ a , a > 1, can be estimated in terms of the Z^-norm of the potential q. 

Brown and Weikard |BW] considered the Schrodinger operator — y" + (j?a + q)y on the half- 
line, where pa is an algebro-geometric potential and q is a compactly supported perturbation. 
They proved that the zeros of the Jost function determine q uniquely. 

Christiansen |Ch] considered resonances associated with the Schrodinger operator — y" + 
(Ps + q)y on the real line, where ps is a step potential. She determined the asymptotics of 
the resonance-counting function and showed that the resonances determine q uniquely. 

The recent paper [K4J gives the following results about the operator J$? = J^ Q + q, J^q = 



— -^2+pon the real line, where p is periodic and q is compactly supported: 1) asymptotics of 
the resonance-counting function are determined, 2) a forbidden domain for the resonances is 
specified, 3) the asymptotics of eigenvalues and antibound states are determined, 4) for any 
sequence (a)^°,a n G {0,2}, there exists a compactly supported potential q such that J$? has 
a n bound states and 2 — a n antibound states in each gap 7 n 7^ for n large enough, 5) for any 
q (with g = 0) and for any sequences (cr n )f, a n G {0, 2}, and (x n )J° G £ 2 , x„ ^ 0, there exists 
a potential p G L 2 (0, 1) such that gap 7„ has length \j n \ = x n (n G N) and Jf has exactly a n 
eigenvalues and 2 — a n antibound states in each gap 7„ 7^ for sufficiently large n. 
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Figure 3. The cut domain Z — C \ Ug n and the slits g r , 



l e n 5 e n. 



in the z-plane. 



Thus, comparing the results for M' on IR and H on K + , we find that their properties are close 
for even potentials p G L^ en (0, 1), since in this case the unperturbed operator H has only 
virtual states; however, if p is not even, then the unperturbed operator H has eigenvalues, 
virtual states and antibound states in general, but the operator Mq has exactly two virtual 
states in each non-empty gap. This leads to the different properties of the perturbed operators 
H, Jf, and, roughly speaking, the case of H is more complicated since the set of states of the 
unperturbed operator H is already more complicated. 

For related results in the multidimensional case, see [G], [D] and references therein. 

The structure of the present paper is as follows. In Section 2 we define the Riemann surface 
associated with the momentum variable z = vA, A G A, and describe preliminary results about 
fundamental solutions. In Section 3 we study the states of H. In Section 4 we prove the main 
Theorems ll.ltil.6l The proofs use properties of the quasimomentum, a priori estimates from 
[KKj . |MUj . and results from the inverse theory for the Hill operator [K5J. The analysis of the 
entire function F(z) = (p(l, z)D(z)D(z), z 2 G a ac (H), plays an important role, since its zeros 
are, as we show, closely related to the states. Thus the spectral analysis of H is reduced to a 
problem of entire function theory. 



2. Preliminaries 

In the following, we shall treat the momentum z = VA (as opposed to the energy A) as the 
principal spectral variable. Note that the functions <p(x, z),$(x, z) are entire in z G C (cf. 
[El] Thm 1.7.2), and so are the functions i?, tp defined in (12.161) below. The other functions 
considered in the present paper are combinations of <p(x, z),$(x, z), <p(x, z),"&(x, z) and m± = 

/3±isinfc 
V(l.") 



Thus we are led to consider the Riemann surface M. corresponding to the analytic 



continuation of the function sinfc (cf. |K4] ) . Take the cut domain (see Fig.3) 



where g ri 



-g- 



+ 



'E± > 0, 



n > 1, 



(2.1) 



Z = C\ Ug n , 

and note that A(e^) = (—1)™. If A G 7„, n ^ 1, then z G g± n , and if A G 70 = (—00, 0), then 
M±. Slitting the n-th momentum gap g n (if non-empty), we obtain a cut g c n with 



z e 9o 



an upper rim g+ and lower rim g n . Below we will identify this cut g c n and the union of the 
upper rim (gap) g+ and the lower rim (gap) (? n ~, i.e., 

where g± = g n ± iO; and z G g n =>• z ± iO G gfc. 



9n = 9nUg n , 

Now the function sinA;(2;) 
are, has an analytic continuation through the cuts Ug n C 



(2.2) 



A 2 (z),z G Z, which is analytic because ip(x,z),'&'(x,z) 

since ^/l - A 2 (z) G iR for all 
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-37T + i/l 3 -271-^2 
— 3ttI 



7T| — 7l| 



Imfe 

ill l 



2n 



ih 2 3tt + ih 3 



"t tk 2 3tT + 

t| 3^t 



2tt| 3ttI Re fc 



FIGURE 4. The domain /C = C \ ur n with r n = (im — ih n , 7m + ih n ) 
z G Ug n . Thus we obtain the analytic function a/1 — A 2 (,z) on the Riemann surface .M, and 



(by applying the square root function) the analytic function y 1 — A 2 (vA) on the Riemann 
surface A. 

The Riemann surface Ai can be obtained from the cut domain Z — C \ Ug~ n as follows. 
We identify the upper rim g£ of the cut g c n with the upper rim gt n of the slit g c _ n and, 
correspondingly, the lower rim g~ of the cut g c n with the lower rim gZ n of the cut g c _ n for all 

non-empty gaps. The mapping z = a/A gives a bijection from A onto Ai. The gap 7n C Ai 
is mapped onto g+ C M. and the gap 7! cA 2 is mapped onto g~ C A4. The upper rim g+ 
corresponds to a physical gap, the lower rim g~ to a non-physical gap. Moreover, the union 
of M. fl C + =Zn C + with all physical gaps g+ forms the so-called physical sheet .Mi, while 
the union of .M fl C_ = 2 fl C_ with all non-physical gaps g~ forms the so-called non-physical 
sheet M.2- The two sheets are joined together on the set R \ Ug n (which is the spectrum of 
the periodic operator H ). 

We introduce the quasimomentum k for Hq as k(z) = arccos A(z) (z G Z). The function k 
is analytic in Z and satisfies 

(i) k(z) = z + 0(1/ z) as \z\ -> 00, (m) Re/c(^ ±i0)| [e ^ >e +, = 7rn (n 6 Z), (2.3) 

as well as ± Im ^(2) > for any z G C± ( [MO] , |KK] ) . The function sin of the quasimomentum 
k is also analytic on A4 and satisfies sink(z) = (1 — A 2 (z))2 [z G Ai). Moreover, k is a 
conformal mapping from Z onto the quasimomentum domain /C = C \ ur n , see Figs. 3 and 
4. Here T n = (im — ih n , im + ih n ) is a vertical slit of height 2h n ^ 0, ho = 0. The height 
h n is determined by the equation cosh/i n = (— l) n A(e n ) ^ 1, where e n G [e~,e+] is such that 
A'(e n ) = 0. The function fc maps the slit g c n onto the slit T n , and k(—z) = —k(z) for all 
zeZ. 

In order to describe the spectral properties of the operator H , we start from the properties 
of the canonical fundamental system -d, tp of the equation — y" + py = z 2 y. They satisfy the 
integral equations 

/ sinzfx — si 
d(x, z) = cos zx + / p(s)i9(s,z)ds, 







z 



sin zx f x sin z[x — s) 



(p(x,z) = h / p(s)ip(s,z)ds. (2.4) 

z Jo z 
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For each fixed igK, the functions $(x, •), (p(x, •) are entire in C and satisfy the estimates 

max(|z|i|^(x, z)\, \ip'(x, z)\, \$(x, z)\, ^-\^'(x, z)\ 1 < X = e \^^+\\p\\ % 
I \ z \i J 



sin zx 



z 

rx 



X X 

^ n?lblU I^O^) -coszx| ^ r-rlblU) ( 2 - 5 ) 
\zr \z\ 



where \z\i = max{l, \z\}, ||p||a; = J Q X \p(s)\ds and (x,z) GlxC, see page 13 in |PT] . Substi- 
tuting these estimates into (12.41) we obtain the standard asymptotics 

</(l, z) - 0(1, z) Z" 1 sin z(2x - 1) 0(el Imz l; 



f3(z) — — = / p(x)dx H as \z\ — > oo. (2.6) 

2 Jo z z 1 

Moreover, if z = im + 0(l/n), then we obtain 

f3(z) = (-l) n |^ + 0(l/n 2 ), Psn = [ p{x) sm27mxdx. (2.7) 

Inn J 

The Floquet solutions ^(x, z),z & Z, of the equation — y" + py = z 2 y are given by 

^(x.z) =&(x,z) + m ± (z)ip(x } z) } m± = , (2.8) 

¥>(VJ 

where (p(l, z)ip + (-, z) G L 2 (R + ) for all z G C + U {J n&z g n - in the trivial case p = 0, we have 
k = z and if> (x, z) = e ±lzx . 

Denote by P r (^o) = {\ z — z o\ < r } the disc of radius r > centred at z G A. It is well 
known that if g n = for some n G Z, then the functions sin fe and m± are analytic in the disc 
T> e (/j, n ) C Z for some e > 0, and the functions sin fc and </?(l, •) have a simple zero at /i n [Flj . 
Moreover, m-t satisfies 

m±{n n ) = — - , Imm ± |i„ ^ 0. (2.9) 

d z ip{l,fx n ) 

Furthermore, Imm+(z) > for all z G (z^_ l , z~),n G N, and the following asymptotics hold, 

m±(z) = ±iz + 0(1) as \z\ ->• oo, z G Z e , £ > 0, (2.10) 

where Z £ = {z G Z | dist{z, g n } > e (n G Z, g n ^ 0)}. The function sin A; and each function 
if(l, -)ip (x, •), x G R, are analytic on the Riemann surface M.. From (12.81) . the Floquet 
solutions ?/' ± (x,z) ((x, z) G R x M) satisfy [T] 

^(0,z) = l, ^ ± (0,z)' = m ± (z), ^ ± (l,z) = e ±ifc(2) , ^(M)' = e ±ik(z) m ± (z), (2.11) 

^(x, z) = e ±ik(z)x {l + 0(l/z)) (2.12) 

as \z\ — > oo, z G -2^, uniformly in x G R. Below we shall require the simple identities 

/3 2 + 1 - A 2 = 1 - y?'(l, -)0(1, ■) = -p(l, 0^(1, •)• (2-13) 

Now consider the modified Jost solutions ^ (x, z) of the equation 

-# ± " + (p+g)# ± = z 2 * ± on[0,oo) with^ ± (x,z) = tp ± {x,z), (x ^ t, z e Z\{0}). (2.14) 

Each function ip(l, •)\l/ ± (x, •), x ^ 0, is analytic in A4, since each ip(l, •)-?/' ± (x, •), x ^ 0, is 
analytic in Ai. We define the modified Jost function \l/ = \l/ ± (0, z), which is meromorphic in 
.M and has branch points e^ (n G Z, g n ^ 0). 
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Let (p(x, z, r) ((z, r) G C x 1) be the solutions of the initial-value problem 

-<f/ , + p{x + r)<p = z i <p, ip{0,z,r)=0, <ff(0,z,r) = l. (2.15) 

The solutions #, tp of the perturbed equation — y" + (p + g)?/ = z 2 ?/, zeC, determined by 

1?(x, z) = $(x, z), <f(x, z) = <f(x, z) ( X ^ t), 

satisfy the integral equations 

y* 

$(x, z) = "&(x, z) — I <p(x — s,z,s)q(s)'&(s,z) ds, 

J x 

<p(x, z) = <f(x, z) — I <f(x — s, z,s)q(s)ip(s, z) ds. (2-16) 

J x 

For each x ^ 0, ${x, z), (p(x, z) are entire functions of z and take real values if z 2 G R. The 
identities fl2A6l) and flJlIjl give 

^ ± (x, z) = 0(x, 2) + m±{z)(p(x, z), ((x, z) G K+ x Z). (2.17) 

We see that all singularities of \P (a;, z) coincide with some singularity of m±(z) and hence do 
not depend on x > 0. The kernel of the resolvent R = (H — z 2 ) -1 , z G C + , then has the form 

R(x, x', z) = +( , (x < x'), and R(x, x' , z) = R(x', x, z) (x > x'). (2.18) 

Here $(x, z) is the solution of the perturbed equation defined in (|1.6J) . Each function R(x, x', z), 
x, x' G K, is meromorphic in .M. Note that if zo € g,^ \ {fi n ± ^0} for some n and ^(zo) 7^ 0, 
then the resolvent of H is analytic at zq. The function ^>q has a finite number of simple zeros 
on each g£, n 7^ 0, and on zR + , but no zeros on C + \ iIR + , and the square of each zero is an 
eigenvalue. Note that the poles of 

ty + (x,z) -&(x, z) +m+(z)'&(x,z) 
x,z) 



^+(0,z) 0(0, z) + m+(z)ti(0, z) 

are either poles of m + or zeros of \E^ and therefore are independent of x. A pole of &(x, ■) = 
ty + (x, -)/^q on g+ is called a bound state by slight abuse of terminology (since it is a momen- 
tum rather than an energy value). Moreover, ^q(z) has an infinite number of zeros in C_, see 
f)1.16p . In terms of the Riemann surface Ai, the previous definition of resonances and states, 
which referred to the Riemann surface A, takes the following form. 

Definition. 1) A point ( G C_ fl M., ( 7^ 0, is a resonance if the function M(x, z) has a pole 
at £ for almost all x > 0. 

2) A point ( = e^,n 7^ 0, (or ( = 0) is a virtual state if the function z i-> &(x,(, + z 2 ) (or 
^(x, 2)) has a pole at for almost all x > 0. 

3) A point £ G .M is a state if it is either a bound state or a resonance or a virtual state. If 
C G g~, n 7^ 0, or ( G <fo = zM_, then we call ( an antibound state. 

Let o~bs(H) (or a rs (H) or a vs (H) ) be the set of all bound states (or resonances or virtual 
states) of if in .M (i.e., in terms of the momentum variable), and set a s t(H) = a vs (H) U 
a rs {H)Ua bs (H). 
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The kernel of the resolvent Rq(z) = (H — z 2 ) -1 , z G C+, has the form 

Ro(x,x', z) = (p(x, z)ip + (x, z) (x < x'), and Ro(x,x', z) = Ro(x',x, z) (x > x). (2.19) 

Consider the states z n = \/A° G g n of H . Due to ( 12.8)1 . the function ^/q = ip + (0, ■) = 1 and 
3&(x, •) = ^(x, •) + m + {p(x, ■). Since (p(l, •)m+ and sink(z) are analytic in Ai, the resolvent 
Rq{z) has singularities only at \i n ± zO, where g n ^ 0, and in order to describe the states 
of H we need to study m + on g c n only. We need the following result (see |Zh3j), where 
&?(z ), z G A4, denotes the set of functions analytic in some disc V r (z ), r > 0. 

Lemma 2.1. All states of Ho are of the form \x n ± iO G g n , n ^ 0, where g n ^ 0. Consider a 

non-empty momentum gap g n = (e~, e+) for some n ^ 1. Then 

i) z n = fi n + iO G g+ is a bound state of H if and only if one of the following conditions is 

true. 

(1) m_ G fi/(n n + i0), 

(2) /3(/i„) = i sin k(fi n + iO) = -(-l) n sinhh sn , k(fi n + iO) = ttu + ih sn h sn >0, 

c — 2 siiiii \h 

(3) m + (z£ + z) = - + 0(l) asz^O, zeC + , c n = snl < 0. (2.20) 

2 (-l) n d^(l,/x n ) 

iij z n = fi n — iO G o~ is an antibound state of Ho if and only if one of the following conditions 
is true. 

(1) m-Efi/ifin-iO), 

(2) (3(fi n ) = i sin k([i n -i0) = -(-l) n smhh sn , k(fi n - iO) = irn + ih sn , h sn < 0, 

(3) m + (z° + z) = — + 0(1) as z ^ 0, zGL. (2.21) 
Hi) z n = fj, n is a virtual state of Ho if and only if one of the following conditions is true. 

V -*- ) Z n t^n e n OT z n t^n e n i 

r° 

(2) m + (z n + z) = ^ + O(^) asz^0,zeC + , c° ^ 0. (2.22) 



z 



These facts are well known in inverse spectral theory ( |N-Zj . |MO] . |K5j ). A detailed analysis 
of Ho was done in |Zh3] , |K4] . 

If \x n G g n 7^ 0, then the function m + has a pole at z® = \i n + iO G g£ (corresponding to 
a bound state) or at z^ = /i n — z'0 G a~ (corresponding to an antibound state). If \i n = e+ 
(or /i n = e~), then 2° = /i n is a virtual state. Note that for closed gaps g n = 0,n^ 0, each 
^(x, •) G £/(fj, n ),x ^ 0. Moreover, the resolvent Rq(z) has a pole at z if and only if the 
function m+(-) has a pole at zo- 

The following asymptotics from |MO] hold true as n — > oo: 

/i n = 7rn + e n (p -p cn + 0(e n )), p cn = / p(x) cos2nnxdx, £n = - — , (2.23) 

Jo 27TH 

hsn = SniPsn + Ofa)), (2.24) 

e± = im + e n (p ±\p n \ + O{e n )), p n = p(x)e~ i2nnx dx = p cn -ip sn . (2.25) 

Jo 
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The fundamental system y 1? y 2 of the equation — y" + (j> + q)y = z 2 y, z G C, with initial data 

y' 2 (t, z) = Vl (t, z) = 1, y 2 (t, z) = y[(t, z) = 0, (2.26) 

satisfies the integral equations 

f sinzix — T) 
yi(x,z) = cos z(x-t) - / (p(t) + q(r))yi(r, z)dr, 

J X Z 

sinzfx — t) f l sm. z(x — t) . . . . .. , . , , nnS 

y 2 {x, z) = ^ >- - / ^ '-(p( T ) + q(r))y 2 {T, z)dr. (2.27) 

Z J X Z 

For each iel the functions yi(x, z),y 2 (x, z) are entire inzeC and satisfy 
max{\\z\ m (x,z)\, \y' 2 (x,z)\, \ yi (x,z)\, -±-\y[( x ,z)\} < X, = e l*«ll*-l+j:ii*«l* 



|yi(a;,z) -cosz(x -£)| ^ -pr ||g||t, 



sinz(a; — t) 
y 2 (x,z) 



<^||(Z||t, (2.28) 



in analogy to (12. 5p . 

The initial-value problem for the inhomogeneous equation — y" + (p — z 2 )y = f, y(0) = 
y'(0) = has the unique solution y(x) = — f^ <p(x — r, z, r)f{r)dr. Hence the solutions $ and 
^ r± of — y" + (p + q)y = z 2 y satisfy 



X 



$(x, z) — (p(x, z) + / v 3 ^ - s,z,s)q(s)$(s,z)ds, (2.29) 

^ ± (x, z) = ^(x, z) - / (/?(a;- s, z, s)g(s)^ ± (s,2:)(is. (2.30) 

Below we need the well known fact from scattering theory that 

tf + (0, z) = D(z 2 ) = det(I + q(H - 2 2 )- 1 ) (zeM). (2.31) 

This is similar to the case p = 0, see [Tj. The case on the real line with p ^ const was 
considered in |F4j . The functions k,ty ± ,m±,if) ± are meromorphic in Z and real on iM. and 
then they satisfy 

k(-z) = k(z), V ± (;-z) = y ± (;z), m ± (-z) = m ± {z) , ij ± (-,-z)=^ ± (-,z) (2.32) 

for all z € Z. 

Lemma 2.2. i) The following identities, estimate and asymptotics hold true. 

^ ± =V ± (t,-)l/i + ^ ± (t,-)l/2, (2.33) 

tf ± (0,z) = l+ / ^(z^M^^O^) ^ (2.34) 

l^ti.^-^^^K^*^ / |g(r)|dr, (xe[0,t]), (2.35) 

where 

v — Imk(z), w — sup \e vx ip (x, z)|, 6(£, x) = (|t>| — t>)(£ — a;) + / (\p(r)\ + \q(r)\) dr 
xe[o,t] Jx 

and 

^{x, z) = e ±lk{z)x {l + e ±{t - x){ W- v) 0(l/z)) (2.36) 
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as | z\ —¥ oo, z G Z e , e > 0, uniformly in x G [0,t]. Moreover, (11.7)) /ioWs true. 
mJ T/ie function \l/ ± (0, •) /ms exponential type It in the half plane C T . 

An entire function /(z) is said to be o/ exponential type if there is a constant A such that 
|/(2)| ^ const e A ' 2 ' everywhere [Koo]. The infimum over the set of A for which such an 
inequality holds is called the type of /. 

Proof, i) Using (I23E]) . (EH} we obtain (LT35J) . 

The identity </?(x, -2, r) = i?(r, z)y2(x + r, 2) — <^(r, z)i?(x + r, z) gives </?(— x, 2, x) = — ip(x, z) 
and (12730]) yield (TQ4]) . 

The estimate (12.351) was proved in |K4j . Substituting (12.121) into H2.35J) we obtain (I2.36p . 

In particular, substitution of (T2736J) . (1X281) into (12734} yields (IT7|) . since D{z 2 ) = #+(0,z). 

ii) We give the proof for the case \& + (0,2;), the proof for ty~(Q,z) being similar. Due to 
(I2.36p . \l/ + (0, z) has exponential type ^ It in the half plane C_. The decompositions 

/(x, z) = e- ixk{z) ^ + (x, z) = l + gf x (x } z), <p(x } z)e ixk{z) = g(e i2xz - 1 + gq(x, z)), 

where g = i, give 

* + (0, 2) - 1 = / <p(x, z)e ixk q(x)f(x, z) dx 
Jo 

— Q e t2xz q(x)f(x,z)(l + ge' l2xz r](x,z))dx-g q(x)f(x,z)dx 
Jo Jo 

= gK{z) — g q{x) dx, 
Jo 

K= f e i2xz q(x)(l + G(x,z))dx, G = gf x + ge'^^f - f x ), z G Z £ . (2.37) 

Jo 

Asymptotics lj23|) . (12361) and fc(z) = 2 + 0(1/2) as z ->■ 00 (see [KK]) yield 

r7(x,z) =e 2x,|Im2| 0(l), /!(x,z) = e 2(4 - x)|Im2| 0(l) as |z| -)■ 00, 2 G Z e . (2.38) 



Now we use the following variant of the Paley- Wiener Theorem from [FY] . 

Let h G Qt and let each F(x,z),x G [0,t], be analytic for z G C_ and F G L 2 ((0,£) x R). 
T/ien J e 2iZX /i(x)(l + F(x, 2)) dx has exponential type at least It in C_. 

We cannot apply this result to the function K(z),z G C_, since ip + (x, z) has a singularity 
at z® if <7„ 7^ 0. However, we can use it for the function K(z — i),z G C_, since (I2.37p . (12.381) 
imply that sup xe [ 01 ] \G(x, — i + r)\ = 0(l/r) as r — > ±00. Thus the function \l/ + (0,z) has 
exponential type It in the half plane C_ . ■ 

3. Spectral properties of H 
For the sake of brevity, we write 

<p X = <p{l, •), <p' X = <f'(l, "), •&! = 0(1, ■), #'l = *?'(!, 0, $1 = *(1, 0, $1 = $'(1, 0, ^ = ^(t, 

We define the function 

F(z) = <f(l, z)V-(0, z)tf +(0, z) (zeZ), (3.1) 

which is real on R, since \l/ _ (0, z) = \l/ (0, 2) for all z £ Z, see also (13. 2p . 
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A function / is said to belong to the Cartwright class Cart^ if / is entire, of exponential 
type and satisfies: 

log|/(±zy)| _ f \og(l + \f(x)\)dx ^ 
oj±{j) ■— limsup = ui > 0, / < oo. 

y^roo y Ju 1 + x 

In the following, the partial derivative w.r.t. t is denoted by a dot. 
Lemma 3.1. i) The following identities and estimates hold true. 

F = ip(l, ■, t)yl(0, •) + 0(1, •, t) yi (0, .)y 2 (0, •) - tf'(l, •, t)yj(0, •) G Cart 1+2t , (3.2) 

tpdH; = -#0;;t), ^(#vr+^M") = #v,<) = v'(v,*) -#a,-,*), (3.3) 



sin 2, cVe (1+2t)|Imz| 



|F(*) k -^-ri5 > O = 3(lblli + lb + glltK^'*™' 1 . (3.4) 



1 1 9 

2 \z\ z 

ii) The set of zeros of F is symmetric w. r. t. both the real line and the imaginary line. In 
each disc {z | \z — 7rn| < f }, \n\ ^ 1 + 4Ci?e*2 , t/iere exists exactly one simple real zero z n of 
F, and F has no zeros in the domain 2>f H C_, where @p = {z G C | 4(7pe 2 ' Imz ' < |z|}. 
mj For a// z £ Z, 

#±(z) = e ±ifc(z)nt w ± (2), ih ± (z) = $'(n f , z) - m±(z)$(n t , z). (3.5) 

Proof, i) The function <p(l,z,t), (t, z) G R x C, (see fl2TT5|) ) satisfies [Tr] 

y>(l, •,£) = -tf'^ 2 + <^tf 2 + 2/3<M = ^iVM"- (3-6) 

Hence we obtain 

v?(i, -,t) = tpxtyt^t + ^*w)» 

0(1, •, t) = <pStrt + $Ht + wtk) = 2<pi(p(t) - z 2 )^r + 2^M~ (3.7) 

Identity fj2.33j) gives 

F = ^(^^(O, ■) + ^UtVli^ ■) + i^Ht + $W)l/i(0, -)2/ 2 (0, •)• (3.8) 

Then using the following identities from [IMJ, 

0(1, z, t) = iff {I, z, t) - 0(1, z, t), 0(1, z, t) = 2{p(t) - z 2 )y?(l, z, t) - 2#(1, z, £), (3.9) 

and dSSD, (ETai . we obtain (jOl . (ET31) . since Lemma [23 ii) and (f23D yield F G Cart 1+2t . 
Next we show (13. 4p . We have 

/ Sill ZS 

yi(0,-) = coste + j/i, yi = / (p(«) + g(s))j/i(s,-)ds, (3.10) 

Jo z 

sin tz / sin 25 

1/2(0,-) = +V2, 1/2=/ (p(s) + q(s))y 2 (s, •) ds, (3.11) 

^ Jo z 

&(l,t)= cos z + #u, U = / ^(s + t)tf(s,t)ds, (3.12) 

&(l,t) = -zfnnz + 'd f lt , d' lt = / cosz(l-s)p(s + t)7?(s,t)ds, (3.13) 

Jo 

sinz /" sinz(l — s) , . , . , , 

¥>(l,t) = + </?it, ¥>it= / " -p(s + %(s,£)ds. (3.14) 

2 Jo z 
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Then (13. 2p implies 
F = (costz+y^ ( \-<pit)+{ 1)2) {zsmz-V u )+{costz+yx){ \-y 2 )(p{l,z,t) 

= — + /i + / a + /s, (3.15) 

where 

sm tz 
h = l/i(0, -)Vit H (costz + ^(0, ■))j/i, 

sm £,£ 
/ 2 = -2/ 2 (0, ■) 2 7?' lt + z sin z(y 2 (0, ■) )y 2 , f 3 = Vl (0, -)y 2 {0, -)<p(l, z, t). 

At 

The estimates 

l/s| < |^lbl|i, l/il < |^(Ni+2|b + ?ll.) 0' e {i,2}) 

yield (EOjI . where C t = e (2t+i)[ im*n-2[|p+«[|t+||p[|i _ 
ii) From ( 13. 4 p we obtain for |n| ^ 1 + 4Cj?e*2 

,,_,,. sinz. C)7 iTm»i-i.**i 4CV .Trilsinzl Isinzl 



2 izl 2 \z\ \z\ \z\ 



IWI>I— I 



F(*) - ^ 



for all |z — 7rn| = f , since e' Imz ' ^ 4| sinz| for all \z — Tvn\ ^ 7r/4, ti£Z (see [PT]). Hence, by 
Rouche's theorem, F has the same number of roots, counting multiplicities, as sin z in each 
disc T>z.(7rn). Since sinz only has the roots nn (n 6 Z), the statement about the zeros of F 
in each disc follows. The zero in Pi (7m) is real, since F is real- valued on the real line. 
Using (13.41) and e' Imz ' ^ 4| sinz| for all \z — irn\ ^ 7r/4, n G Z, we obtain 

|Im 2 | / \ 

>i— - |z|-4C F e 2t l Im2 l >0 
4|z| V / 

for all z G Qi\ = {z G .S^z | |z — 7rn| ^ 7r/4(n G Z)}. As the function F has exactly one real 
zero z n in T)*(im), n ^ n , it therefore has no zeros in the domain S>p. That the set of zeros 
of F is symmetric with respect to both the real line and the imaginary line follows from the 
fact that F is real-valued on both lines. 

hi) Using ^ ± (0,z) = {^ ± (x, z), $(x, z)} (z G Z) at x = n u and fl2TL]) we obtain (l3~5|) . 
where {y, u} = yu' — y'u is the Wronskian. ■ 

With g c n = g~ U g+ as before, we define the sets 

iT = iRUC_U \Jg c n cZ, 5° = ^\{0,e^ n ±#6Z, 9n ^)}. (3.16) 

We describe the zeros of \I/ =1= (0, z). 

Lemma 3.2. i) If g n = (e~,e+) = /or some n^O, t/ien \l/ ± (x, •) G £f({J> n ) ( x ^ 0), ond 
Im\I/ ± (0,/i n ) 7^ 0. Moreover, \i n = e^ is a simple zero of F and fi n £ a st (H). 
ii) ^ f± (0, z) 7^ for all z G (e^_ 1 ,e~),n G Z. Moreover, states of H and zeros of^/ + (0,z) lie 
in iF. 

Hi) A point z G 3?o is a zero of \I/^ if and only if z G ^fl & st (H). In particular, if 
ze %n& st (H), then 
1) z G C + fl -Z zs a bound state of H , 
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2) z G C_ fl Z is a resonance of H . 

Proof, i) Lemma O and identity (12TTTJ) yield that ^ ± (x, •) G J^(fi n ) (x^O). 

Using (12. 9p we deduce that \l/^(/i n ) ^ 0, hence \l/ ± (x, •), 1/^q G &/(fi n ). Thus fi n is not a 
state of H and /i n is a simple zero of F. 

ii) The conformal mapping k maps each interval (e^_ 1 ,e~),n ^ 1, onto (7r(n — l),im). As 
/i„ G [e~, e+], the function m± is analytic on (e+_ l5 e~) and Imm±(z) 7^ for all z G (e^_ 1; e~). 
Then the identity (12T7D gives ^ ± (0, z) ^ for all z G (e+_ 1; e~). 

The identity \l/ + (0, z) = D(z 2 ) and standard arguments (similar to the case p = 0, see |Klj ) 
imply that states of H and zeros of \I/ + (0, z) belong to the set iF. 

iii) follows from the identities fl2~T7D . fj27TSj> . ■ 

States of if which coincide with unperturbed states z° have the following properties. 

Lemma 3.3. Let ( = fi n + iO G g+ or ( = \i n — iO G g~ for some n ^ 1, where g n 7^ 0. T/ien 

ij <f(0,fi n ) = if and only if$(n u fi n ) = 0. 

ii) Assume in addition ( = zj 6 a st (H ). Then ^q G £&{(,), each ^/ + (x,-), x > 0, has a 

simple pole at (, and there are two cases: 

1) if(p(Q,[in) = 0, then ^ G £#((), ^0 (0 ¥" ° and C £ cr st {H). In particular, 

C = l*n + i0egZ => *J(C)^0, F(^) = 0, (-lfFV) > 0; (3.17) 

gj if ${0, fin) ^0, tfien 

^^G^(C)(x^0), C^© si (^), *o(C)^0, %)^0, 

tt+(z) = Cw + Q(£) ^(0) aS £ = ^-C^0. (3.18) 

m] C G & bs (H) (or( G cr„ s (#) j i/and only if( G 6 bs (ifoK or C e a vs (H )) and$(n t ,[i n ) = 0. 
iv^ If £ G & st (H ) fl & st (H), then its complex conjugate £ on i/ie oi/ier s/ieei zs no£ a state 0/ 

wj Let £ G & st (H ) and assume that its complex conjugate ( on the other sheet is a state of 
H. ThenCi & st (H). 

Proof, i) Comparing (J3.5P and (12.171) we deduce that (p(0, fi n ) = if and only if $(0, fi n ) = 0. 

ii) Lemma 12.11 yields m_ G £^(C) an d each \l/ + (x,-), x > 0, has a simple pole at £ and 
m+(z) = ^ + 0(1) as e ->■ 0, e G C ± , with c n < 0. 

1) If ^(0^ n ) = 0, then ( 12TT7J) yields ^+ G ^(C), #0 (0 ^ °- Thus C e 6 si (#), since each 
\I/ + (x, •), x > Oj has a simple pole at £. 

Consider the case ( = fi n + iO G 0^. As (13. 5p gives 

*±(0, z ) = e ±ife ^™±(z), w ± (z) = $'(n t , z) - m±{z)$(nt, z), (z G Z), 



we find 

u;_(C) = $'K/^) + 0, «;+(«!) = &(n t ,fi n )(l - c„^^) ^ 0, 

$' {Tit, fin) 

since &(n t ,fi n ) ^ 0, $(ra t ,/x n ) = and $' '(n*, fi n )d z ®{n t , fi n ) > [FT]. This yields (I3.17|) . 
since (-l)"^(l,/i n )>0 [FT]. 
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Cn+Q(s) 



2) Lemma 12.11 gives m+(z) = — — — as e = z — ( — > 0. Using (J2.17J1 . we obtain 

*t+(*\ c w + Q(e) ^ nN V+(x,z) ed{x) - c n ${x) + 0(e) <p(x) , , 

Vn m = <aU), — i ; . = — — = —, . + C(e) as e — > U, 

° W ^ V) *o + W £0(0) -c n y?(0) + 0(5) <p(P) KJ 

since c n <p(0,/j, n ) ^ 0, where we abbreviate ^(x) = <p(x,z) etc. This yields <p(l, z)^q(z) = 

d z (p(l, /j n )c n + o(l), and m_ G ^(C) gives *J(C) = 0(0) ^ 0, so F(// n ) ^ and fIXTg]) . 

Using i) and ii) we obtain iii). 
iv) ^q G £?(() and each \I/ + (x, •) G &/((), x > 0. Due to ii) y?(0,/i m ) = 0, then we obtain 
^ + (C)^0. Thn S (^G st (H). 
v) follows directly from iv) by contraposition. ■ 

For virtual states, which coincide with the points e„, we have the following. 

Lemma 3.4. Let ( = e~ or ( = e+ /or some n ^ 1, where e~ < e+ and set e = z — (. 
i) Assume that (^/i n and ^(C) = 0. Then ( is a simple zero of F, £ G o~ vs (H) and 

*+(*)= £(0,CWe + O(e), M(x,z) = ^ + ^ z) + ° {£ \ c^(0,C)^0. (3.19) 

uj Assume that ( = \i n and y?(0,C) ^ 0. Then F(() ^ and each M(x, -),x > 0, does not 
have a singularity at (, and ( ^ a vs (H). 

iii) Assume that ( = fi n and <^>(0, () = 0. Then ( G a vs (H), \l/ (() ^ and C is a simple zero 
of F, and each & 2 (x, -),x > 0, has a pole at (. 

Proof, i) Lemma 12.11 gives m±(z) = m±(() + Cy/e + O(e) as e = z — ( — > 0, c ^ 0. We 
distinguish two cases. First assume (f>(0,() ^ 0. Then the identity (I2.17P implies (I3.19p . 

Second, if tp(0, () = 0, then (I2.17P implies ^(C) — 0(0, C) ¥" 0, which gives a contradiction, 
ii) If C = /in, then Lemma [O gives m±{z) = ±-fe + 0(1) (e -> 0) with c ^ 0. Then (I2T7I) 
implies 

^ = ± mC)c + 0(1) ¥+(*, *) _ 0>, z) + (£ + 0(l))£(s, z)_ 1 + o(y/e) 



Thus the function M(x, •), x > 0, is not singular at £, and £ ^ a vs (H), F(() ^ 0. 

iii) If ^(0,C) = 0, then ( 12TTTD rives tf+(0 = 0(0, C) 7^ 0, since 0(0, C) ^ and /3(C) = 0. 
Moreover, we obtain \l/ + (x, z) = $(x, z) + (-% + 0(l))^(x, z), and the function ^ 2 (x, -),x > 0, 
has a pole at (, ( G a vs (H) and -F(C) = 0. ■ 

Lemma 3.5. Let A G 7„, A 7^ fx 2 n , be an eigenvalue of H for some n ^ and let z = vA G 

« + UU„,il + . ^en 

O a = / \^ + (x,z)\ 2 dx = ±J-L dz y + (0,z)>0, (3.20) 

Jo ^ z 

2ismk(z) = ^_, Q )fr+/( Q w Q) ? sinA;(2) = -(-l) n sinh/i, /i = /i(A) > 0, (3.21) 

<^(l,z) 

(-l)"^(^)sinh/i (-l)^(^) 

Ca " V(M)*-(o,.) 2 ' i ( } 
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Proof. flPPD follows from the identity { J^ + , ^ + }' = 2z(^+) 2 . 

Using the Wronskian of the functions \y + ,\I/~ and ( 12. lip , we obtain \I/~(0, z)\I/ + (0, z) = 
m+(z) — rri-(z), which yields (I3.2ip . since k(z) = im + ih for some h > (see the definition 
of k before (I2TI1) ). Then the identities (J32QD, (EOT]) imply (13T22J) . ■ 

4. Proof of the Main Theorems 

Proof of Theorem 11.11 i) The asymptotics ( ll.7p were proved in Lemma 12.21 

ii) and iii) of Lemma 13.31 give ( II. 9p for the case of non- virtual states, i.e., those not coinciding 
with e^. 

Lemma 13.41 implies ( II. 9p for the case of virtual states. 

Lemma 13.21 gives (ll.8p for the case of non- virtual states. Lemma 13.41 implies ( II .8p for the 
case of virtual states. 

ii) Using ii) and iii) of Lemma [3.31 we obtain ( ll.lOp . 

iii) Due to i) £ is a zero of F, so (13 .4p yields (II. lip . Lemma f3 . II ii) completes the proof of 
iii). ■ 

Proof of Theorem 11.21 i) Let g n ^ 0. The entire function F = (p(l, •)^>q^>q has opposite 
sign on a n and cr n +i, since ^q(z)^q(z) = \^q(z)\ 2 > for z inside a n U a n+ \ (see (12.331) ) and 
(p(l, ■) has one simple zero in each interval [e~, e+]. Therefore F has an odd number of zeros 

on[e-,e+]. 
By Lemma I3.2H3.4[ £ e g^ is a state of H if and only if ( e g n is a zero of F (with equal 

multiplicities). Hence the number of states (counting multiplicities) on g° is odd. 

Using Lemma 13.11 and 13.21 we deduce that there exists exactly one simple state z n in each 

interval [e~,e+] for g„ 7^ and for sufficiently large n ^ 1. Moreover, the asymptotics (12.251) 

e t = ™ + ^t + o(l/n) give 

z n = 7in + ^ + o(l/n). (4.1) 

By arguments analogous to the proof of (I2.34p . we obtain the identities 

$(0, z) — l+ / (p(x,z)q(x)'&(x,z)dx, (p(0,z) = / (p(x, z)q(x)(p(x, z)dx; (4.2) 

Jo Jo 

then a standard iteration procedure and (14. ip give the asymptotics 

&{0,z n ) = l + O(l/n), (4.3) 

mz n )= [ t ^^ q (x)dx + 0(l/n") = q -^^ + 0(l/n 3 ), (4.4) 

Jo z n 2{7my 

where q cn = J q{x) cos2nnxdx. Using ( I2.13P and ^ ± = ■& + m±(p, see (12.17|) . we obtain 

F = F 1 + F 2 + F 3 , F 1 = (p(l r )& , F 2 = 20 o <p o , F 3 = -#(l,-)^, (4.5) 

where we abbreviate $o = t9(0, z), <fo — V?(0, -z). Using the estimates (14.31) . (14.41) . we obtain 

Ffa) = V (l, z„)(l + 0(l/n)), -F 3 (.-„) = 0(l/n 4 ) 

F ( , = (^. bw + Od/nDte-fa + Od/n)) = + t as „ ^ 

7rn 2(7rny 

(4.6) 
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where /„ = (— l) n P3 " 2( - g Vl cn • Combining these asymptotics with F(z n ) = 0, we get 

<p(l, z n ) = -F 2 (zn) + 0(l/n 4 ) = -f n + 0(l/n 4 ). (4.7) 

Then, using <p(l, z n ) = d z ip(l, fi n )5 n + 0(l/n 4 ), where z n = /i n + S n , we obtain 

d g <p(l, H n )8 n = -/„ + 0(l/n 4 ) 

and the asymptotics d z (p(l,fi n ) = 7\ + 0(1/ n 2 ) give 

5 ™ = _ 7T~71 \ + 01fl = 7T ( — V2 — + 0{l/n , 

d z ip{l,fi n ) 2(t™) 2 

which yields (I1.14p . 

Now we denote by Af(r, /) the total number of zeros of / of modulus ^ r, and by 7V + (r, /) 
the number of zeros counted in J\f(r, f) with non-negative real part, by J\f~(r, /) those with 
negative real part (each zero being counted according to its multiplicity). Then the following 
result holds [Koo]. 

Theorem (Levinson). Let the entire function f G Cart^. Then N ± (r, /) = ~{uj + o(l)) as 
r — > 00, and for each 5 > the number of zeros of f of modulus ^ r lying outside both of the 
two sectors \ aigz\ < 5, \ axgz — ir\ < 5 is o(r) for r — > 00. 

We also denote by A/+(r, /) (or Af-(r, /)) the number of zeros of / counted in J\f(r,f) 
with non-negative (or negative) imaginary part, each zero being counted according to its 
multiplicity. 

Let So = and ±s n > 0, n G N, be all real zeros of F and let no be the multiplicity of the 
zero So = 0. Consider the entire function F\ = z n ° lim J~[ (1 — •%). The Levinson Theorem 

and Lemma 12.21 imply 

1 + 2t 2r 

AT(r,F)=7V r (r,F 1 )+A^(r,F/F 1 ) = 2r + o(r), A/Yr, F x ) = — + o(r), (4.8) 

7T 7T 

A/L(r, F) = A/"+(r, F) = A/>, ^ +) - iV , (4.9) 

as r — > 00, where Nq is the number of non-positive eigenvalues of H. Thus 

2t 
27V_(r,F) = 2r— + o(r), (4.10) 

7T 

which yields (11.15p . 
ii) Using Lemma 13.51 we obtain the statements ii) and iii). ■ 

Proof of Theorem 11.31 Let z = e^. Identity (13. 5 p and k(e^) = Tin yield 

^(z) = V+(z) = (-l) N w + (z), w+(z) = & (nt, z)--^K${nt,z), N = n t n. (4.11) 

(p{l,z) 

Estimates (ESJ) and e^ = rm + e n (p ± \p n \ + 0(e n )), e n = ^ (see (12.251) ). give 

$'(n t , z) = (-if + 0(l/n), $(n 4 , z) = ^^ + 0(l/n 2 ) = 0(l/n 2 ). (4.12) 

im 

Using (I2.28p . we obtain 



sme± = (-irsin^ + 0(l/n 2 ) = (-1)"^ + 0(l/n 2 ), 
27m 27m 
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* ^ = ^ + W 1 + 0(1/ " 3) = f-^^W^ + o(i/ n '). 

Then the estimate a/x 2 + y 2 — y ^ x for y, x ^ gives \p n \ ± p cn ^ |p«n|, which yields 

P{<) -™ , P" + Q(1/ "> =Q(,rn), (4.13) 



p(l,e+) " ±|p„|+p cn + 0(l/n) 
since |p an | ^ ^. Combining f l4TTT|) -f l4TT3|) and (1277) . we obtain *J(e*) = 1 + o(l). The 
function ^(z) is analytic on g~ and ^(ej) = 1 + o(l). Thus ^JO 2 ) nas no zeros on <7n > 
since by Theorem 11.21 the function F has exactly one zero on each non-empty ~g n for large 
n > 1. 
Let /x n + zO G g+ be a bound state of H for some sufficiently large n. Then Lemma 12.11 

implies h sn > 0. Moreover, (I2.24p gives h sn = — Ps " 27rn " asn -» oo. Thus p sn < — ^ for 
large n > 1 and, by the asymptotics ( I1.14p . the bound state z n > /i n if go > and z n < \x n if 
go < 0. The proof of the other cases is similar. ■ 

Proof of Theorem 11.41 i) Using the identities ( I2.34p and (I2.17P we obtain 

*+ = Y 1 + t -^-<p(z n ), *i =£(*») + —£(**). (4.14) 

Note that f[2TT3]) gives /3(/i n ) = 0. Then the asymptotics (Q3j) . (EH, (E2D imply 

(3(z n ) /3'( M n) + 0(4) m _, 1 , A „, 

o{±) as n — > oo, e n = - — (4-15) 



^(1,-Zn) d z <p(l,fi n ) + 0(4) l ■ 2t™ 

) n +Q[ 

(7m) 



where we used the asymptotics d z (p(l,p, n ) = - — ', + . ^ Sn ' and /3'(ji n ) = o(l/n). Thus (I4.3p . 



fl4~4"]) give 

Fi = 1 + 0(e n ), £(0, * n ) = 2e 2 (6„ + 0(e„)), 6 n = go - g C n (4.16) 

In the following we need these identities and asymptotics asn-)-oo from |KKj : 

(-l) n+1 i sin k(z) = smhv(z) = ±|A 2 (z) - 1|^ >0 (zG^), (4.17) 

v{z) = ±\{z-e' n ){e + n -z)\^{l + 0{l/n 2 )), smhv(z) = v(z)(l + 0(\g n \ 2 ), (z eg*). (4.18) 
We rewrite the equation ^q" = in the form y^iYi = — 2 sin kip(z n ). Then we obtain 

2<fe n (l + 0{e n )) = v(z)2e 2 n (b n + 0(s n )) = y/6(\g n \ - 5)2e 2 n (b n + 0(e n )), 

v 7 ^ = e n y/\g n \ - 5(b n + 0(s n )), 5 = z n -fi n , 

where vS > if b n > and y5 < if b n < 0. The last asymptotics imply 5 = e^\g n \(b n + 
0(e n )) 2 , where b n = go — g cn , which yields (I1.17p . ■ 

Proof of Theorem 11.51 i) Let g G Q t , go = and let each |g cn | > n~ a for some a G (0, 1) 
and for sufficiently large n. (The proof of the other cases is similar.) Using the inverse 
spectral theory from |K5j summarised in the Introduction above, we see that for any sequence 
x = (x n )^° G £ 2 , K n ^ 0, there exists a potential p G L 2 (0, 1) such that gap j n has length 
l7n| = x n ( n e N). Moreover, for large n we can write the gap in the form 7„ = (E~,E+), 
where /i 2 = E~ or /i 2 = E+. We choose /i 2 = E~ or /i 2 = £7+ depending on the given 
sequence a = (cr n )f, where a n G {0, 1}, as follows, using Theorem 11.31 (i). 

If a n = 1 and q cn < —n~ a (or q cn > n~ a ), then taking /i 2 = E~ (or yU 2 = i? + ) we ensure 
that A n is an eigenvalue for large n. 
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If a n = and q cn > rT a (or q cn < —n~ a ), then taking /^ = E~ (or /j^ = 22+) we ensure 
that A n is an antibound state for large n. 

ii) Let p G L 2 (0, 1) such that p? n = E~ or /i^ = E+ for sufficiently large n G No, 7 n = 
(E~,E+)- Let a = (cr n )J° be any sequence, where a n G {0, 1}. We take \q cn \ > n~ a for large 
n G No, and then choose the sign of q cn as follows, using Theorem 11.31 i). 

If a n = and A° = 22" (or A° = 22+), then taking q cn > n~ a (or q cn < —n~ a ) we ensure 
that A n is an antibound state. 

If a n = 1 and A° = 22~ (or A° = 22~), then taking q cn < —n~ a (or g c 
that A n is an eigenvalue. ■ 



The proof of Theorem 11.61 will be based on the following asymptotic result on the number 
of eigenvalues introduced in a gap by a compactly supported perturbation. This follows the 
original idea of [So] in the modified version of [Sc] . 



Lemma 4.1. Let q G Qt be continuous and H T , Q = [22 1; 22 2 ] as in Corollary \1.6[ Then 

# bs (22 T ,fi) = t / (g{E 2 -q(x))-g(E 1 -q(x)))dx + o{T) as r ->• oo, (4.19) 

where g is the integrated density of states U.18\) . 

Proof. By the Glazman decomposition principle and the properties of the periodic problem 
on a half-line summarised in the Introduction above, the number of bound states of H T in Q 
differs by no more than 5 from the number of eigenvalues in Q of the regular Sturm-Liouville 
operator H T on [0,tr] with Dirichlet boundary conditions. This number can be estimated by 
oscillation theory as follows. For A G Q, let u be the (real-valued) solution of the equation 

— u" + p(x)u + q(x/r)u = \u 

with w(0) = 0, u'(0) = 1, and #(-,A) : [0,tr] — > R the locally absolutely continuous function 
(called a Priifer angle) with the properties 



u 



I sin 8 



^^ U 2 + U i2 sm M, 0(0, A) =0. 

u J \cos0J \ ■> j 

Then 8(tr, A) is continuous and monotone increasing as a function of A, and the number of 
eigenvalues of H T in Q differs by no more than 1 from -(9(tr, E 2 ) — 0(tr, Ei)). 

In the following we shall use the fact, which can be shown along the lines of |E2j Theorem 
3.1.2, [Sc] Corollary 1, that the Priifer angle 6 of any real- valued solution of the periodic 
equation 

-y" + PV = Ay 

satisfies 9(x) = ng(X)x + 0(1) as x — )• oo. 

Consider a division of the interval [0, t] into n parts, = s < si < ■ ■ ■ < s n _i < s n = t. We 
set q~j := sup q, q~ := inf q. Then if 9^ is the Priifer angle of a non-trivial real-valued 



solution of 



Sj_l,SjJ L°J-l' s j 



-y" + p{x)y + qfy = Xy 



*3 

on the interval [rsy-i, TSj] with 0^(tSj-_i) = 9(tsj-i), then Sturm comparison ([W] Thm 13.1) 
shows that 

9f(rs j )^9(rs j )^9-(rs j ). 
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Hence 

£ eCA-tfX*,--*,-!) = hm Y: < r lnn ^ 

v^ Ojirsj, A) — 6 i 7(ts 1 _i, A) ^^ 

t 
The extremes in f)4.20p are Riemann sums of the integral J g(X — q(s)) ds; thus refining the 

o 
division and observing that g(X — q(s)) — g(X) — const for all A G Q if s > t, we obtain 

, 9(tT,E 2 )-9(tr,E 1 ) r ff ^ ... ,„ 

and the assertion follows. ■ 

To complete the proof of Corollary I1.61 we observe that Theorem I1.2I (iii) implies that 
# abs (H T ,ttM) ^ 1 + # bs (H T ,n), which together with (J315J1 yields (05)1 . 
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